Given a permutation polynomial f (x) of a small finite field F q , the inverse f −1 (x) over F q could be determined by using the Lagrange Interpolation Formula. But for a large q, finding the explicit expression of f −1 (x) is usually a hard problem. A piecewise interpolation formula for the inverses of permutation polynomials of arbitrary finite fields is introduced, which extends the Lagrange Interpolation Formula. The explicit inverses of cyclotomic mapping permutations are constructed to demonstrate the formula. The explicit inverses of permutation polynomials of the form x r h(x (q−1)/d ) are presented.
Introduction
For q a prime power, let F q denote the finite field containing q elements, and F q [x] the ring of polynomials over F q . A polynomial f (x) ∈ F q [x] is called a permutation polynomial (PP) of F q if it induces a bijection of F q . We define a polynomial f −1 (x) as the inverse of f (x) over F q if f −1 (f (c)) = c for all c ∈ F q , or equivalently f −1 (f (x)) ≡ x (mod x q − x).
Given a PP f (x) of F q , its inverse is unique in the sense of the reduction modulo x q − x.
In theory one could use the Lagrange Interpolation Formula to determine the inverse, i.e., fields is a hard problem except for the well-known classes such as the inverses of linear polynomials, monomials, and some Dickson polynomials. There are only several papers on the inverses of some special classes of PPs, see [8, 13] for the inverse of PPs of the form x r h(x (q−1)/d ), [15, 16] for the inverse of linearized PPs, [3, 17] for the inverses of two classes of bilinear PPs, [12] for the inverses of more general classes of PPs.
The basic idea of piecewise constructions of PPs is to partition a finite field into subsets and to study the permutation property through their behavior on the subsets. Although the idea is not new [2, 9] , it is still currently being used to find new PPs [1, 4-6, 14, 18, 19] .
In our recent work [20] , the piecewise idea is employed to construct the inverse of a large class of PPs. In Section 2 of this paper, a piecewise interpolation formula for the inverses of arbitrary PPs of finite fields is worked out, which generalizes the Lagrange Interpolation Formula and the result in [20] . In Section 3, we demonstrate our method by constructing the inverses of cyclotomic mapping permutations. Section 4 gives explicit inverses of special cyclotomic mapping permutations, such as the inverse of x r h(x (q−1)/d ). Section 5 concludes this paper.
Piecewise constructions of PPs and their inverses
The idea of piecewise constructions of PPs was summarized in [1] by Cao, Hu and Zha, which can also be applied to construct PPs over finite rings. For later convenience, the following lemma expresses it in terms of finite fields.
where
of F q . Inspired by the lemma above, we present the following piecewise interpolation method for constructing inverses of all PPs of finite fields.
, and
If f (x) is a PP of F q , then the inverse of f (x) over F q is given by
Proof. For any c ∈ F q , we assume that c ∈ D i for some 1 ≤ i ≤ m, then I D i (c) = 1 and For general f i (x) and D i , it is difficult to findf i (x) and I f i (D i ) (x). But it is easy for some special cases. For instance, in our previous work [20] we assume that every f i (x) is a PP of F q and its inversef i (x) over F q is known, we proof that
In this paper we remove the restriction that piece functions f i (x) are all PPs of F q , and illustrate Lemma 2.2 by constructing explicit inverses of cyclotomic mapping permutations.
Inverses of cyclotomic mapping permutations
Let ξ be a primitive element of F q , and q − 1 = ds for some positive integers d and s.
Let the set of all s-th roots of unity in F q be
Then D 0 is a subgroup of F * q , where F * q is the multiplication group of all nonzero elements of F q . The elements of the factor group F * q /D 0 are the cyclotomic cosets
Note that the cyclotomic cosets form a partition of F * q . For a 0 , . . . , a d−1 ∈ F * q and r 0 , . . . , r d−1 ∈ Z + , a cyclotomic mapping is defined by
If f (x) is a PP of F q , then it is called a cyclotomic mapping permutation of F q . Cyclotomic mapping permutations were introduced in [10] when r 0 = · · · = r d−1 = 1, and were generalized in [14] allowing each branch to take a different r i . Further information can be found in Section 8.1.5 of the handbook of finite fields [7] . (3) can be uniquely represented as the following form:
in the sense of the reduction modulo
If x ∈ D j , j = i, then x s = ω j , and so
Therefore (3) is equivalent to (4). Theorem 2.2 in [14] gives the necessary and sufficient conditions for f (x) in (4) to be a PP of F q . In this section we will construct the inverse of f (x) by employing the piecewise interpolation formula in Lemma 2.2. First, the following lemmas are needed. 
Lemma 3.2. Let a and n be integers. Then
This completes the proof. Now we give the inverses of cyclotomic mapping permutations. 
is a PP of F q if and only if gcd( Theorem 2.2] ). In this case the inverse of f (x) over F q is given by
Proof. (i) First we use the piecewise method to prove the necessary and sufficient condition for f (x) to be a PP of F q . Let D i be defined by (2) and f i (x) = a i x r i . Then 
is a PP of F q , and so gcd(
In fact, according to gcd(r i r j , s) = 1 and (5), we have
Taking s-th power on both sides leads to a s i ω ir i = a s j ω jr j . On the contrary, if
First we showf i (f i (c)) = c for c
Second, we show that the characteristic function of f i (D i ) is
, x s = a s j ω jr j and so
According to Lemma 2.2, f −1 (x) is the inverse of f (x) over F q .
(iii) Finally, we change the form of f −1 (x). It follows from Lemma 3.1 that
, we obtain, by (7),
Remark 1. Let a, n ∈ Z + and gcd(a, n) = 1. Then there exists unique integers a ′ , u such that 1 ≤ a ′ < n and aa ′ − nu = 1. Usually a ′ is called the inverse of a modulo n.
Remark 2. Because every a s i ω ir i is a power of ω, the condition a
s i ω ir i = a s j ω j r j for 0 ≤ i = j ≤ d − 1 is equivalent to {a s 0 , a s 1 ω r 1 , . . . , a s d−1 ω (d−1)r d−1 } = {1, ω, . . . , ω d−1 }.
Applications
Applying Theorem 3.3, we obtain the inverse of PP of the form x r h(x (q−1)/d ). 
where r ′ , t ∈ Z satisfy 1 ≤ r ′ < s and rr ′ − st = 1.
Proof. Let D i be defined by (2) . Then x s = ω i for x ∈ D i , and so f (x) = x r h(ω i ). The proof can be completed by substituting h(ω i ) and r for a i and r i in Theorem 3.3.
The inverse polynomial f −1 (x) in Corollary 4.1 is equivalent to the one in Theorem 2.1 of [13] . However, our result is more explicit than that in [13] .
According to Theorem 3.3, if f (x) permutes F q then f −1 (x) has at most d 2 terms.
When d is not very large, Theorem 3.3 gives an efficient method to find f −1 (x). If d = 2 then we arrive at the following result.
Corollary 4.2. For q an odd prime power, let s = (q − 1)/2, a 0 , a 1 ∈ F * q , r 0 , r 1 ∈ Z + and
Then f (x) is a PP of F q if and only if gcd(r 0 r 1 , s) = 1 and (a 0 a 1 ) s = (−1) r 1 +1 . In this case the inverse of f (x) over F q is given by
where r ′ i , t i ∈ Z satisfy 1 ≤ r ′ i < s and r i r ′ i − st i = 1. 
Then f (x) is a PP of F q if and only if gcd(r 0 r 1 , s) = 1 and r 1 is odd. In this case the inverse of f (x) over F q is given by
Next we propose a class of PP such that f −1 (x) = f (x). 
is a PP of
Proof. Because s | r 2 0 − 1, there exists t 0 ∈ Z such that r 2 0 − st 0 = 1. Hence gcd(r 0 , s) = 1 and r ′ 0 = r 0 . Similarly, there exists m ∈ Z such that r 2 1 − 2ms = 1. Therefore r 1 is odd and gcd(r 1 , s) = 1. Consequently, f (x) is a PP of F q .
According to Corollary 4.3, to proof the theorem it suffices to show that
Since r 2 1 − 2ms = 1, we have r ′ 1 = r 1 if 1 ≤ r 1 < s. Hence t 1 = 2m and (−1)
Since r 1 (r 1 − s) − (2m − r 1 )s = 1, we get r ′ 1 = r 1 − s and t 1 = 2m − r 1 . The formula (8) holds, since (−1) t 1 = (−1) 2m−r 1 = −1 and
In a symmetric cryptosystem, the decryption function f −1 (x) is usually the same as 
where r ′ i is the inverse of r i modulo s, u ≡ r 1 (1 − r 1 r ′ 1 )/s (mod d), 0 ≤ u < d, and r 1 is the inverse of r 1 modulo d.
Proof. Let D i be defined by (2) and ω = ξ s . Then x s = ω i for x ∈ D i . Since
we have 
Because a s 1 is a power of ω, the above formula is equivalent to
Next we show that (9) is equivalent to gcd(r 1 , d) = 1 and a s 0 /a s 1 = 1. By Lemma 3.2,
(⇒) Assume (9) is true and gcd(r 1 , d) = e ≥ 2.
Since ω is a d-order element, the left set of (9) has at most d − 1 elements, which contradicts (9). Hence, if (9) holds then gcd(r 1 , d) = 1, and so
By ( (ii) If f (x) is a PP of F q , then gcd(r 0 r 1 , s) = gcd(r 1 , d) = 1 and a s 0 = a s 1 . Let r ′ i , t i ∈ Z satisfy 1 ≤ r ′ i < s and r i r ′ i − st i = 1, where i = 0, 1. According to Theorem 3.3,
Let u ≡ r 1 (1 − r 1 r ′ 1 )/s (mod d) and 0 ≤ u < d, where r 1 is the inverse of r 1 modulo d, i.e., 1 ≤ r 1 < s and r 1 r 1 ≡ 1 (mod d). Then
Therefore t 1 + ur 1 ≡ 0 (mod d), and so, for 0 ≤ j < d, we have
Also note that a s 0 = a s 1 , we obtain 
Conclusion
We propose a piecewise interpolation formula for the inverse of any permutation polynomial of a finite field. We demonstrate our approach by constructing explicit inverses of cyclotomic mapping permutations. It is expected to generate more concrete permutation polynomials and their inverses by using other forms of piece functions and partitions of finite fields. Permutation polynomials and their inverses have potential applications in coding theory, cryptography, and other areas of science and engineering.
